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THE RANK OF VARIANTS OF NILPOTENT
PSEUDOVARIETIES
J. ALMEIDA AND M. H. SHAHZAMANIAN
Abstract. We investigate the rank of classes defined by several of the
variants of nilpotent semigroups in the sense of Mal’cev. For several of
them, we provide finite bases of pseudoidentities.
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1. Introduction
Mal’cev [18] and independently Neumann and Taylor [19] have shown that
nilpotent groups can be defined by semigroup identities (that is, without
using inverses). This leads to the notion of a nilpotent semigroup (in the
sense of Mal’cev).
For a semigroup S with elements x, y, z1, z2, . . . one recursively defines two
sequences
λn = λn(x, y, z1, . . . , zn) and ρn = ρn(x, y, z1, . . . , zn)
by
λ0 = x, ρ0 = y
and
λn+1 = λnzn+1ρn, ρn+1 = ρnzn+1λn.
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We use the notation S1 where if S has an identity element then S1 = S,
otherwise S1 = S ∪ {1} is obtained by adding an identity element to S. A
semigroup is said to be nilpotent1 (MN) if there exists a positive integer n
such that
λn(a, b, c1, . . . , cn) = ρn(a, b, c1, . . . , cn)
for all a, b in S and c1, . . . , cn in S
1. The smallest such n is called the
nilpotency class of S. Clearly, null semigroups are nilpotent in the sense
of Mal’cev where a null semigroup is a semigroup S with a zero θ such
that xy = θ for all x and y in S. Recall that a semigroup S is said to be
Neumann-Taylor [19] (NT) if, for some n ≥ 2,
λn(a, b,1, c2 , . . . , cn) = ρn(a, b,1, c2 , . . . , cn)
for all a, b ∈ S and c2, . . . , cn in S1. A semigroup S is said to be positively
Engel (PE) if, for some n ≥ 2,
λn(a, b,1,1, c, c2 , . . . , cn−2) = ρn(a, b,1,1, c, c2 , . . . , cn−2)
for all a, b in S and c ∈ S1, while S is said to be Thue-Morse (TM) if for
some n,
λn(a, b,1,1, . . . ,1) = ρn(a, b,1,1, . . . ,1)
for all a, b ∈ S.
A pseudovariety of semigroups is a class of finite semigroups closed un-
der taking subsemigroups, homomorphic images, and finite direct products.
Each of the above classes of finite semigroups (nilpotent, Neumann-Taylor,
positively Engel, Thue-Morse) constitutes a pseudovariety. Actually, the
above descriptions are examples of ultimate equational definitions of pseu-
dovarieties in the sense of Eilenberg and Schu¨tzenberger [9]. We denote
them respectively by MN, NT, PE and TM.
We say that the pseudovariety V has finite rank (see for example [8])
if there exists an integer n such that, for every finite semigroup S and
s1, . . . , sn ∈ S, if ⟨s1, . . . , sn⟩ ∈ V, then S ∈ V. The smallest such n is called
the rank of V.
In this paper, we investigate the rank of pseudovarieties defined by Mal’cev
nilpotency conditions. In particular, we show that the pseudovariety NT has
infinite rank and, therefore, it is non-finitely based.
Recall that Gnil is the pseudovariety of all finite nilpotent groups and
Gnil is the pseudovariety of all finite semigroups whose subgroups belong to
Gnil. Every finite semigroup that is not nilpotent has a subsemigroup that is
minimal for not being nilpotent, in the sense that every proper subsemigroup
and every Rees factor semigroup is nilpotent. In [16], they were called
minimal non-nilpotent semigroups and they were described. It was shown
that a minimal non-nilpotent semigroup in the pseudovariety Gnil is one of
four types of semigroups. These four types of semigroups are a right or
1Mal’cev’s original paper [18] defines nilpotent semigroups in terms of a weaker property
since Mal’cev does not allow z1, . . . , zn to take value 1 if S ≠ S
1. The definition used here
comes from [17]. The definitions agree on the class of cancellative semigroups.
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left zero semigroup or the union of a completely 0-simple inverse ideal and
a 2-generated subsemigroup. A minimal non-nilpotent semigroup S which
is not a group or a right or left zero semigroup, has a completely 0-simple
inverse ideal M and S acts on the R-classes of M where the different types
of orbits of this action detect the type of S.
We introduce the pseudovariety NDF12 in this paper which is strictly
contained in the pseudovariety PE and strictly includes the pseudovariety
NT.
We calculate the ranks of the pseudovarieties MN, NDF12, PE and TM.
They are respectively 4, 3, 2, and 2. In [15], the upper non-nilpotent graphNS of a finite semigroup S is investigated. Recall that, the vertices ofNS are the elements of S and there is an edge between x and y, if the
subsemigroup generated by x and y is not nilpotent. Recall from [23] that
the collection of finite semigroups whose upper non-nilpotent graphs have
no edges is a pseudovariety which is denoted EUNNG. Obviously, the rank
of the pseudovariety EUNNG is equal to 2.
Recall that the pseudovariety BG is the collection of all finite block groups
that is, finite semigroups in which each element has at most one inverse.
The pseudovariety BGnil is the collection of all finite block groups whose
subgroups are nilpotent. The pseudovariety generated by finite inverse semi-
groups is precisely the pseudovariety of finite semigroups whose idempotents
commute [5]. We denote the class of all finite inverse semigroups by Inv and
the pseudovariety of finite aperiodic semigroups by A. Higgins and Margolis
[12] showed that the pseudovariety generated by the finite aperiodic inverse
semigroups is strictly contained in the pseudovariety of all aperiodic semi-
groups with commuting idempotents (⟨Inv ∩ A⟩ ⫋ ⟨Inv⟩ ∩ A). At the end of
this paper, we show that the pseudovariety ⟨Inv ∩A⟩ is strictly contained in
the intersection of the pseudovariety MN with A. We further compare the
pseudovarieties MN, NT, NDF12, PE, TM, and EUNNG. The diagrams at
Figure 1 represent the strict inclusion relationships and equalities between
these pseudovarieties respectively in the general case and in the aperiodic
case.
Note that some of the calculations with small semigroups were carried
out automatically using software developed in C++ by the second author.
2. Preliminaries
For standard notation and terminology relating to finite semigroups, refer
to [7]. A completely 0-simple finite semigroup S is isomorphic with a regular
Rees matrix semigroup M0(G,n,m;P ), where G is a maximal subgroup
of S, P is an m × n sandwich matrix with entries in Gθ, and n and m
are positive integers. The nonzero elements of S are denoted (g; i, j), where
g ∈ G, 1 ≤ i ≤ n and 1 ≤ j ≤m; the zero element is denoted θ. The (j, i)-entry
of P is denoted pji. The set of nonzero elements is denoted M(G,n,m;P ).
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Figure 1.
PE ∩ A = TM ∩ A = BG ∩ A
EUNNG ∩ A
NT ∩ A
NDF12 ∩ A
MN ∩A
⟨Inv ∩A⟩EUNNG
NT
NDF12
MN
PE
BG
TM
BGnil
If all elements of P are nonzero then M(G,n,m;P ) is a subsemigroup and
every completely simple finite semigroup is of this form.
Jespers and Oknin´ski proved that a completely 0-simple semigroup of the
formM0(G,n,m;P ) is nilpotent if and only if n =m, G is a nilpotent group,
and each row and each column of P contains exactly one nonzero element
[13, Lemma 2.1].
The next lemma gives a necessary and sufficient condition for a finite
semigroup not to be nilpotent [15].
Lemma 2.1. A finite semigroup S is not nilpotent if and only if there exist a
positive integer m, distinct elements x, y ∈ S, and elements w1, . . . ,wm ∈ S1
such that x = λm(x, y,w1, . . . ,wm) and y = ρm(x, y,w1, . . . ,wm).
Assume that a finite semigroup S has a proper ideal M =M0(G,n,n; In)
and n > 1. There is an action Γ of M on the R-classes which plays a key
role in [16]. In this paper, we consider the dual definition of this action and
denote it again by Γ. We define the action Γ of S on the L-classes of M ,
that is a representation (a semigroup homomorphism) Γ ∶ S Ð→ T , where T
denotes the full transformation semigroup on the set {1, . . . , n} ∪ {θ}. The
definition is as follows, for 1 ≤ j ≤ n and s ∈ S,
Γ(s)(j) = { j′ if (g; i, j)s = (g′; i, j′) for some g, g′ ∈ G, 1 ≤ i ≤ n
θ otherwise
and Γ(s)(θ) = θ. The representation Γ is called the L-representation of S.
For every s ∈ S, Γ(s) can be written as a product of orbits which are
cycles of the form (j1, j2, . . . , jk) or sequences of the form (j1, j2, . . . , jk, θ),
where 1 ≤ j1, . . . , jk ≤ n. The latter orbit means that Γ(s)(ji) = ji+1 for
1 ≤ i ≤ k − 1, Γ(s)(jk) = θ, Γ(s)(θ) = θ and there does not exist 1 ≤ r ≤ n
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such that Γ(s)(r) = j1. Orbits of the form (j) with j ∈ {1, . . . , n} are written
explicitly in the decomposition of Γ(s). By convention, we omit orbits of
the form (j, θ) in the decomposition of Γ(s) (this is the reason for writing
cycles of length one). If Γ(s)(j) = θ for every 1 ≤ j ≤ n, then we simply
denote Γ(s) by θ.
If all orbits of a transformation ε appear in the expression of Γ(s) as a
product of disjoint orbits, then we denote this by ε ⊆ Γ(s). If
Γ(s)(j1,1) = j1,2,Γ(s)(j1,2) = j1,3, . . . ,Γ(s)(j1,p1−1) = j1,p1 , . . . ,
Γ(s)(jq,1) = jq,2, . . . ,Γ(s)(jq,pq−1) = jq,pq ,
then we write
[j1,1, j1,2, . . . , j1,p1 ; . . . ; jq,1, jq,2, . . . , jq,pq] ⊑ Γ(s).
Note that, if g ∈ G and 1 ≤ n1, n2 ≤ n with n1 ≠ n2 then
Γ((g;n1, n2)) = (n1, n2, θ) and Γ((g;n1, n1)) = (n1).
Therefore, if the group G is trivial, then we may view the elements of M as
transformations.
Let T be a semigroup with a zero θT and let M be a regular Rees matrix
semigroup M0({1}, n,n; In). Let ∆ be a representation of T in the full
transformation semigroup on the set {1, . . . , n}∪{θ} such that for every t ∈ T ,
∆(t)(θ) = θ, ∆−1(θ) = {θT }, and ∆(t) restricted to {1, . . . , n} ∖∆(t)−1(θ)
is injective. The semigroup S =M ∪∆ T is the θ-disjoint union of M and T
(that is the disjoint union with the zeros identified). The multiplication is
such that T and M are subsemigroups,
(1; i, j) t = { (1; i,∆(t)(j)) if ∆(t)(j) ≠ θ
θ otherwise,
and
t(1; i, j) = { (1; i′, j) if ∆(t)(i′) = i
θ otherwise.
For more details see [16].
Let V be a pseudovariety of finite semigroups. A pro-V semigroup is a
compact semigroup that is residually in V. In case V consists of all finite
semigroups, we call pro-V semigroups profinite semigroups. We denote by
ΩAV the free pro-V semigroup on the set A and by ΩAV the free semigroup
in the (Birkhoff) variety generated by V. Such free objects are characterized
by appropriate universal properties. For instance, ΩAV comes endowed with
a mapping ι∶A → ΩAV such that, for every mapping φ∶A → S into a pro-V
semigroup S, there exists a unique continuous homomorphism φ̂∶ΩAV → S
such that φ̂ ○ ι = φ. For more details on this topic we refer the reader to [1].
Recall that a pseudoidentity (over V) is a formal equality π = ρ between
π,ρ ∈ ΩrV for some integer r. For a set Σ of V-pseudoidentities, we denote
by JΣKV (or simply JΣK if V is understood from the context) the class of all
S ∈ V that satisfy all pseudoidentities from Σ. Reiterman [21] proved that
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a subclass V of a pseudovariety W is a pseudovariety if and only if V is of
the form JΣKW for some set Σ of W-pseudoidentities. If a pseudovariety is
finitely based, then it has finite rank.
Let 1 ≤ r, S be a finite semigroup, and π ∈ ΩrV. The operation π∶Sr → S
is defined as follows:
π(s1, . . . , sr) = φ̂(π)
where φ∶{0,1, . . . , r−1} → S is the mapping defined by φ(i) = si+1, for all 0 ≤
i ≤ r−1.Now, let π1, . . . , πr ∈ ΩrV. Define recursively a sequence (u1,i, . . . , ur,i)
by (u1,0, . . . , ur,0) ∈ Sr and ui,n+1 = πi(u1,n, . . . , ur,n). Denote limn→∞ ui,n!
by ○ωi (π1, . . . , πr). The i-component ○ωi (π1, . . . , πr) for 1 ≤ i ≤ r is also a
member of ΩrV. Moreover, if each πi is a computable operation, then so is
each ○ωi (π1, . . . , πr) [3, Corollary 2.5]. For the pseudovarieties Gnil and BG,
we have
Gnil = Jφω(x) = xω, xωy = yxω = yK
where φ is the continuous endomorphism of the free profinite semigroup on{x, y} such that φ(x) = xω−1yω−1xy,φ(y) = y [4, Example 4.15(2)] and
BG = J(ef)ω = (fe)ωK
where e = xω, f = yω (see for example [1]).
3. The pseudovariety MN
Jespers and Riley [14] called a semigroup S weakly Mal’cev nilpotent
(WMN) if, for some n,
λn(a, b, c1, c2, c1, c2, . . .) = ρn(a, b, c1, c2, c1, c2, . . .)
for all a, b in S and c1, c2 in S
1. They proved that a linear semigroup S
is MN if and only if S is WMN [14, Corollary 12]. Recall that a linear
semigroup is a subsemigroup of a matrix monoid Mn(K) over a field K.
Theorem 3.1. The following equality holds
MN = Jφω(x) = φω(y)K
where φ is the continuous endomorphism of the free profinite semigroup on{x, y, z, t} such that φ(x) = xzytyzx, φ(y) = yzxtxzy, φ(z) = z, and φ(t) = t.
Proof. Since all finite semigroups are linear, this follows at once from [14,
Corollary 12]. 
In particular, Theorem 3.1 yields that the pseudovariety MN is finitely
based.
In [12], the semigroup N1 is defined as the θ-disjoint union of the com-
pletely 0-simple semigroupM0({1},4,4; I4)with the null semigroup {w,v, θ},
N1 =M0({1},4,4; I4) ∪ΓN1 {w,v, θ},(1)
where ΓN1(w) = (2,3, θ)(1,4, θ) and ΓN1(v) = (1,3, θ)(2,4, θ).
Note that there exists a finite semigroup S such that for all s1, s2, s3 ∈ S,⟨s1, s2, s3⟩ ∈MN, but S /∈MN. An example of such a semigroup is N1 [15].
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4. The pseudovariety PE
As in [14], we denote by F7 the semigroup which is the θ-disjoint union
of the completely 0-simple semigroup M0({1},2,2; I2) and the cyclic group{1, u} of order 2 with a zero θ:
F7 = M0({1},2,2; I2) ∪ΓF7 {1, u, θ},(2)
where ΓF7(u) = (1,2) and ΓF7(1) = (1)(2). Note that F7 = ⟨u, (1; 1,1)⟩. In
fact, F7 is a member of the family of minimal non-cryptic inverse semigroups
considered by Reilly in [20].
We recall that a semigroup S divides a semigroup T and we write S ≺ T
if S is a homomorphic image of a subsemigroup of T . We say that a finite
semigroup S is ×-prime whenever, for all finite semigroups T1 and T2, if
S ≺ T1×T2, then S ≺ T1 or S ≺ T2. For example, a right or left zero semigroup
with 2 elements is ×-prime [1, Exercise 9.3.1(a)]. A more sophisticated
example of ×-prime semigroups is F7 which is proved in [22, Theorem 7.3.10].
Hence, the class of finite semigroups {S ∣ S is a finite semigroup and F7 /≺ S}
is a pseudovariety.
In [14], it is proved that a finite semigroup S is positively Engel if and
only if the following properties hold:
(1) all non-null principal factors of S are inverse semigroups whose max-
imal subgroups are nilpotent groups.
(2) S does not have an epimorphic image with F7 as a subsemigroup.
We rewrite that theorem as Theorem 4.1.
Theorem 4.1. Let S be a finite semigroup. The semigroup S is positively
Engel if and only if S ∈ BGnil and F7 /≺ S.
Proof. Suppose that S ∈ BGnil and S /∈ PE. Then there exists an onto homo-
morphism φ ∶ S → S′ such that F7 is a subsemigroup of S′. Let U = φ−1(F7).
There is an onto homomorphism φ ∣U ∶ U → F7. Therefore F7 ≺ S.
Now, suppose that F7 ≺ S. Then, there exist a subsemigroup U of S and
an onto homomorphism φ ∶ U → F7. Then for every a,w1,w2 ∈ U such that
φ(a) = (1; 1,1), φ(w1) = 1 and φ(w2) = u, we have
λn(a,w2,1,w1,w2,w1,w2, . . .) ≠ ρn(a,w2,1,w1,w2,w1,w2, . . .)
for every positive integer n. Therefore S /∈ PE. The result follows. 
Proposition 4.2. The sequence
{(λn!(x, y, z, z2, . . . , zn!), ρn!(x, y, z, z2 , . . . , zn!)) ∣ n ∈ N}
converges in Ω{x,y,z}S ×Ω{x,y,z}S.
Proof. For simplicity, we let
λk = λk(x, y, z, . . . , zk) and ρk = ρk(x, y, z, . . . , zk)
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for every 1 ≤ k. Suppose that S is a finite semigroup and φ ∶ Ω{x,y,z}S → S
is a continuous homomorphism. Let k = ∣S∣. Since S is finite, there exist
positive integers t and r such that t < r ≤ k3 + 1 and
(φ(λt(x, y, z, . . . , zt)), φ(ρt(x, y, z, . . . , zt)), φ(zt+1))
= (φ(λr(x, y, z, . . . , zr)), φ(ρr(x, y, z, . . . , zr)), φ(zr+1)).
Let s be a positive integer such that t ≤ s(r − t) < r. Then, the equality
(φ(λn!), φ(ρn!)) = (φ(λ(n+1)!), φ(ρ(n+1)!))
holds for every n > s(r − t). The result follows. 
We denote by (λPE, ρPE) the limit of the sequence (λn!, ρn!)n in the pre-
ceding proposition.
Theorem 4.3. The following equality holds
PE = BGnil ∩ Jφ(λPE) = φ(ρPE)K
where φ is the continuous endomorphism of the free profinite semigroup on{x, y, z} such that φ(x) = xzzx,φ(y) = zxxz,φ(z) = z.
Proof. Suppose that S ∈ BGnil ∩ Jφ(λPE) = φ(ρPE)K and F7 ≺ S. Then there
exist a subsemigroup U of S and an onto homomorphism φ ∶ U → F7. Let
a, b be elements of U such that φ(a) = (1; 1,1) and φ(b) = u. Then, we have
λn(a, b,1,1, b, b2 , . . . , bn−2) ≠ ρn(a, b,1,1, b, b2 , . . . , bn−2) for every positive in-
teger n, which contradicts the assumption that S satisfies the pseudoidentity
φ(λPE) = φ(ρPE). Therefore, by Theorem 4.1, S ∈ PE.
The converse, follows at once from the definition of the pseudovariety
PE. 
5. The pseudovariety NDF12
We denote by F12 the subsemigroup of the full transformation semigroup
on the set {1,2,3} ∪ {θ} given by the union of the completely 0-simple
semigroup M0({1},3,3; I3) and the semigroup ⟨w1,w2⟩,
F12 = M0({1},3,3; I3) ∪ ⟨w1,w2⟩,(3)
where w1 = (1)(3,2, θ) and w2 = (3,1,2, θ). By [16, Lemma 3.2], the semi-
group F12 is not nilpotent but the subsemigroup ⟨w1,w2⟩ is nilpotent.
Let S be a semigroup with a proper regular Rees matrix semigroupM0({G}, n,n; In). We define the functions ǫ1 and ǫ2 from S to the setP({1, . . . , n}) as follows:
ǫ1(w) = {i ∣ 1 ≤ i ≤ n and Γ(w)(i) ≠ θ},
ǫ2(w) = {i ∣ 1 ≤ i ≤ n and there exists an integer j such that Γ(w)(j) = i}
for every w ∈ S. We also define the functions ι1 and ι2 from S to N as
follows:
ι1(w) = ∣ǫ1(w)∣ and ι2(w) = ∣ǫ2(w)∣
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for every w ∈ S.
Let Exc(F7, F12) denote the class of all finite semigroups S that are di-
visible neither by F7 nor by F12. We say that the semigroup S is NDF12 if
S ∈ BGnil and S ∈ Exc(F7, F12). We proceed with several technical lemmas
that serve to show that the class of NDF12 semigroups is a pseudovariety.
In view of the definition, the class of NDF12 semigroups is contained in
the pseudovariety PE. Since F12 ∈ PE that the verification was done auto-
matically, and F12 is not NDF12, the class of NDF12 semigroups is strictly
contained in the pseudovariety PE.
Lemma 5.1. Let S be a semigroup with a proper regular Rees matrix sub-
semigroup M0({G}, n,n; In) and let w be an element of S. Suppose that
(a1, . . . , am, θ) ⊆ Γ(w)
for some integers 1 ≤ a1, . . . , am ≤ n with m > 1. Then, we have
max{ι1(wpy), ι1(ywp), ι2(wpy), ι2(ywp)} <min{ι1(w), ι2(w)}
for every element y ∈ S1 and integer p > 1.
Proof. Since ǫ1(wpy) ⊆ ǫ1(w) and am−1 /∈ ǫ1(wpy), we obtain ι1(wpy) <
ι1(w).
There is a one-to-one function φ from ǫ1(ywp) to ǫ1(w) as follows: for
elements a ∈ ǫ1(ywp) and b ∈ ǫ1(w), let φ(a) = b if Γ(ywp−1)(a) = b. We
deduce that ι1(ywp) ≤ ι1(w). Since m > 1, we have a1 ∈ ǫ1(w). Hence, we
obtain ι1(ywp) < ι1(w).
There is a one-to-one function φ from ǫ2(wpy) to ǫ1(w) as follows: for
elements a ∈ ǫ2(wpy) and b ∈ ǫ1(w), let φ(a) = b if Γ(wy)(b) = a. We deduce
that ι2(wpy) ≤ ι1(w). Since a1 ∈ ǫ1(w), we obtain ι2(wpy) < ι1(w).
There is a one-to-one function φ from ǫ2(ywp) to ǫ1(w) as follows: for
elements a ∈ ǫ2(ywp) and b ∈ ǫ1(w), let φ(a) = b if Γ(w)(b) = a. We deduce
that ι2(ywp) ≤ ι1(w). Since a1 ∈ ǫ1(w), we obtain ι2(ywp) < ι1(w).
Similarly, we have ι1(wpy), ι1(ywp), ι2(wpy), ι2(ywp) < ι2(w). 
Lemma 5.2. Let S be a finite semigroup. Suppose that there exist a proper
ideal S′ and an element w of S that satisfy the following properties:
(1) the semigroup M =M0(G,n,n; In) is a proper ideal of S/S′ for some
finite group G and integer n ≥ 3;
(2) (m, l) ⊆ Γ(w) for some distinct positive integers 1 ≤ l,m ≤ n where
Γ is an L-representation of S/S′.
Then, we must have F7 ≺ S.
Proof. We claim that there is an onto homomorphism from the subsemigroup
Z = ⟨(1; l, l),w⟩ of S to F7. Defining the function ψ ∶ Z → F7 as follows:● if z ∈ S′ or Γ(z)(l) = Γ(z)(m) = θ then ψ(z) = θ;● if (m, l) ⊆ Γ(z) then ψ(z) = u;● if (m)(l) ⊆ Γ(z) then ψ(z) = 1;● if (l) ⊆ Γ(z) and Γ(z)(m) = θ then ψ(z) = (1; 1,1);
10 J. ALMEIDA AND M. H. SHAHZAMANIAN
● if (l,m, θ) ⊆ Γ(z) then ψ(z) = (1; 1,2);● if (m, l, θ) ⊆ Γ(z) then ψ(z) = (1; 2,1);● if (m) ⊆ Γ(z) and Γ(z)(l) = θ then ψ(z) = (1; 2,2).
Since Γ is an action on S/S′, ψ is a homomorphism. 
Lemma 5.3. Let S be a finite semigroup. Suppose that there exist a proper
ideal S′ and elements w1 and w2 of S that satisfy the following properties:
(1) the semigroup M =M0(G,n,n; In) is a proper ideal of S/S′ for some
finite group G and integer n ≥ 3;
(2) [m, l,m′] ⊑ Γ(w1) and (l)[m,m′] ⊑ Γ(w2) for some pairwise distinct
positive integers 1 ≤ l,m,m′ ≤ n where Γ is an L-representation of
S/S′.
Then, we must have F7 ≺ S or F12 ≺ S.
Proof. Suppose that the integer m′ is in a cycle of Γ(w1) with length Lw1 .
Then (l,m′) ⊆ Γ(wLw1−1
1
w2). Hence, by Lemma 5.2, there is an onto homo-
morphism from the subsemigroup ⟨(1; l, l),wLw1−1
1
w2⟩ of S to F7. Suppose
next that the integer m′ is in a cycle of Γ(w2) with length Lw2 . Then(l,m) ⊆ Γ(w1wLw2−12 ). Hence, by Lemma 5.2, there is an onto homomor-
phism from the subsemigroup ⟨(1; l, l),w1wLw2−12 ⟩ of S to F7.
Now, suppose that the integer m′ is in non-cycle orbits of both Γ(w1) and
Γ(w2). Then the following set Σ is not empty:
Σ = {(y1, y2;a, b, c) ∣ y1, y2 ∈ S,1 ≤ a, b, c ≤ n, [a, c, b] ⊑ Γ(y1), (c)[a, b] ⊑ Γ(y2),
the orbit that contains [a, c, b] in Γ(y1) is not a cycle and the orbit
that contains [a, b] in Γ(y2) is not a cycle}.
Since S is finite, there exists an element ∆ = (y1, y2;a, b, c) ∈ Σ such that
there does not exist an element ∆′ = (u1, u2; e, f, d) ∈ Σ for which ιi(uk) <
ιi(yk) for every i, k ∈ {1,2}.
Since ∆ ∈ Σ, there exist integers
1 ≤ a1, . . . , at, a′1, . . . , a′t′ , b1, . . . , br, b′1, . . . , b′r′ ≤ n
such that
(a1, . . . , at, c, b1, . . . , br, θ) ⊆ Γ(y1), (c)(a′1, . . . , a′t′ , b′1, . . . , b′r′ , θ) ⊆ Γ(y2),
at = a′t′ = a and b1 = b′1 = b. Suppose that {a1, . . . , at} ∩ {b′1, . . . , b′r′} ≠ ∅.
Then, there exist integers 1 ≤ γ ≤ t and 1 ≤ λ ≤ r′ such that aγ = b′λ.
Thus, we obtain (aγ) ⊆ Γ(yt−γ1 yλ2 ), [aγ+1, c] ⊑ Γ(yt−γ1 yλ2 ) and [aγ+1, aγ , c] ⊑
Γ(yt−γ+1
1
yλ−12 ). If the integer c is in a cycle of Γ(yt−γ1 yλ2 ) or Γ(yt−γ+11 yλ−12 ),
then similarly there is an onto homomorphism from a subsemigroup of S
to F7. Otherwise, the integer c is in non-cycle orbits of Γ(yt−γ+11 yλ−12 ) and
Γ(yt−γ
1
yλ2 ). We conclude that (yt−γ+11 yλ−12 , yt−γ1 yλ2 ;aγ+1, c, aγ) ∈ Σ. Since aγ /∈
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{at, b′1}, we obtain γ < t and 1 < λ. Then, by Lemma 5.1, we have
ι1(yt−γ+11 yλ−12 ) < ι1(y1), ι2(yt−γ+11 yλ−12 ) < ι2(y1), ι1(yt−γ1 yλ2 ) < ι1(y2),
and ι2(yt−γ1 yλ2 ) < ι2(y2),
a contradiction.
Suppose next that {a′1, . . . , a′t′} ∩ {b1, . . . , br} ≠ ∅. Then, there exist in-
tegers 1 ≤ γ ≤ t′ and 1 ≤ λ ≤ r such that a′γ = bλ. Thus, we obtain (bλ) ⊆
Γ(yt′−γ+1
2
yλ−11 ), [c, bλ−1] ⊑ Γ(yt′−γ+12 yλ−11 ) and [c, bλ, bλ−1] ⊑ Γ(yt′−γ2 yλ1 ). If the
integer c is in a cycle of Γ(yt′−γ+1
2
yλ−11 ) or Γ(yt′−γ2 yλ1 ), then similarly there
is an onto homomorphism from a subsemigroup of S to F7. Otherwise, the
integer c is in non-cycle orbits of Γ(yt′−γ
2
yλ
1
) and Γ(yt′−γ+1
2
yλ−1
1
). It follows
that (yt′−γ
2
yλ1 , y
t′−γ+1
2
yλ−11 ; c, bλ−1, bλ) ∈ Σ. Since a′γ /∈ {a′t′ , b1}, we obtain γ < t′
and 1 < λ. Then, by Lemma 5.1, we have ι1(yt′−γ2 yλ1 ) < ι1(y1), ι2(yt′−γ2 yλ1 ) <
ι2(y1), ι1(yt′−γ+12 yλ−11 ) < ι1(y2) and ι2(yt′−γ+12 yλ−11 ) < ι2(y2), a contradiction.
We may, therefore, assume that
{a1, . . . , at} ∩ {b′1, . . . , b′r′} = ∅ and {a′1, . . . , a′t′} ∩ {b1, . . . , br} = ∅.
We denote by F ′
12
the subsemigroup of the full transformation semigroup
on the set {at, b1, c} ∪ {θ′} given by the union of the completely 0-simple
semigroup M0({1},{at , b1, c},{at, b1, c}; I3) and the semigroup ⟨w1,w2⟩,
F ′12 = M0({1},{at , b1, c},{at , b1, c}; I3) ∪ΓF ′12 ⟨w1,w2⟩,(4)
where ΓF ′
12
(w1) = (c)(at, b1, θ′) and ΓF ′
12
(w2) = (at, c, b1, θ′) and ΓF ′
12
is
an L-representation representation of F ′12. We claim that there is an onto
homomorphism from the subsemigroup Z = ⟨y1, y2, (1; b1, at)⟩ onto F ′12. Let
ψ ∶ Z → F ′12 be a function as follows:
(1) if z ∈ S′, then ψ(z) = θ′;
(2) otherwise, Γ(z)(i) = j if and only if Γ′(ψ(z))(i) = j for every i, j ∈{at, b1, c}.
We prove that ψ is a homomorphism. Let s1, s2 ∈ Z and i ∈ {at, b1, c}.
Suppose that Γ′(ψ(s1))(Γ′(ψ(s2))(i)) = α for some α ∈ {at, b1, c}. Then, we
obtain Γ′(ψ(s1))(i) = β for some β ∈ {at, b1, c} and, thus, Γ(s1)(i) = β and
Γ(s2)(β) = α, whence Γ(s1s2)(i) = α. Now, suppose that
Γ′(ψ(s1))(Γ′(ψ(s2)(i))) = θ′.
If Γ′(ψ(s1s2))(i) ≠ θ′, then there exists an integer γ /∈ {at, b1, c} such that
Γ(s1)(i) = γ and Γ(s2)(γ) = λ for some integer λ in the set {at, b1, c}.
Since s2 ∈ Z, there exist elements v1, . . . , vns2 ∈ {y1, y2, (1; b1, at)} such that
s2 = v1⋯vns2 . Suppose that γ ∈ {b′2, . . . , b′r′} ∪ {b2, . . . , br}. Since
{a1, . . . , at} ∩ {b′1, . . . , b′r′} = ∅ and {a′1, . . . , a′t′} ∩ {b1, . . . , br} = ∅,
we obtain Γ(v1)(γ) ∈ {b′2, . . . , b′r′} ∪ {b2, . . . , br}. Similarly, we have
Γ(v1⋯vns2 )(γ) ∈ {b′2, . . . , b′r′} ∪ {b2, . . . , br}.
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This contradicts the assumption that Γ(s2)(γ) = λ and λ ∈ {at, b1, c}. Simi-
larly, we obtain γ /∈ {a′2, . . . , a′r′}∪ {a2, . . . , ar}, which entails λ /∈ {at, b1, c}, a
contradiction. Hence, Γ′(ψ(s1s2))(i) = θ′ and, thus, ψ is a homomorphism.
The result follows. 
Lemma 5.4. Let T and V be finite block groups. If F12 ≺ T × V , then at
least one of the conditions T /∈ Exc(F7, F12) or V /∈ Exc(F7, F12) holds.
Proof. Since F12 ≺ T × V , there exists a subsemigroup U of T × V such that
there is an onto homomorphism φ ∶ U → F12. Let
T × V = R1 ⫌ R2 ⫌ ⋯ ⫌ Rh ⫌ Rh+1 = ∅
be a principal series of T × V . That is, each Ri is an ideal of T × V and
there is no ideal of T × V strictly between Ri and Ri+1. Since T and V
are finite, there exist elements r1, r2 and r3 in the subsemigroup U and an
integer 1 ≤ i ≤ h that satisfy the following properties:
(1) φ(r1) = (1; 2,3), φ(r2) = w1 and φ(r3) = w2;
(2) r1 ∈ Ri ∖Ri+1;
(3) φ−1((1; 2,3)) ∩Ri+1 = ∅.
By φ(r1r2r1) = (1; 2,3) and (3), Ri/Ri+1 is an inverse completely 0-
simple semigroup or an inverse completely simple semigroup, say M =M0(G,n,n; In) orM(G,1,1; I1). Then, there exist an element g ∈ G and in-
tegers 1 ≤ α,β ≤ n such that r1 = (g;α,β). Let o be the order of G. Suppose
that α = β. Then, we have ro+11 = r1 and, thus, φ−1((1; 2,3)) ∩ φ−1(θ) ≠ ∅, a
contradiction. As φ(r1r2r1) = φ(r1r23r1) = (1; 2,3), we have r1r2r1, r1r23r1 ∈
Ri ∖ Ri+1 and, thus, Γ(r1r2r1) = Γ(r1r23r1) = (α,β, θ) where Γ is an L-
representation of M . Therefore, [β,α] ⊑ Γ(r2) and there exists an integer
1 ≤ γ ≤ n such that [β, γ,α] ⊑ Γ(r3). Also, since φ(r1r3r2r3r1) = (1; 2,3), we
obtain (γ) ⊆ Γ(r2).
The elements r1, r2 and r3 are in T × V . Then, there exist elements
t1, t2, t3 ∈ T and v1, v2, v3 ∈ V such that r1 = (t1, v1), r2 = (t2, v2) and
r3 = (t3, v3). Let
T = T1 ⫌ T2 ⫌ ⋯ ⫌ Th′ ⫌ Th′+1 = ∅
and
V = V1 ⫌ V2 ⫌ ⋯ ⫌ Vh′′ ⫌ Vh′′+1 = ∅
be, respectively, principal series of T and V . Suppose that t1 ∈ Tj ∖Tj+1 and
v1 ∈ Vk ∖ Vk+1, for some integers 1 ≤ j ≤ h′ and 1 ≤ k ≤ h′′.
Since [α,β] ⊑ Γ(r1) and [β,α] ⊑ Γ(r2), we obtain (r1r2)or1(r2r1)o = r1.
Then, we have
(t1t2)ot1(t2t1)o = t1 and (v1v2)ov1(v2v1)o = v1.(5)
By [10, Theorem 3], we have Ri ∖ Ri+1 = (Tj ∖ Tj+1) × (Vk ∖ Vk+1). Let
A1 = Tj ∖ Tj+1 and A2 = Vk ∖ Vk+1. Again, by (5), the subset Ai ∪ {θ} is an
inverse completely 0-simple semigroup or Ai is an inverse completely simple
semigroup, say MAi =M0(GAi , nAi , nAi ; InAi ) or MAi =M(GAi ,1,1; I1) for
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1 ≤ i ≤ 2. Then, there exist elements (l;a, b) ∈ MA1 and (l′;a′, b′) ∈ MA2 ,
such that t1 = (l;a, b) and v1 = (l′;a′, b′).
Since r2
1
is in Ri+1 and Ri ∖Ri+1 = A1 ×A2, we obtain t21 /∈ A1 or v21 /∈ A2.
By symmetry, we may assume that t2
1
/∈ A1, whence a ≠ b. As r1r2r1, r1r23r1 ∈
A1×A2, we have t1t2t1, t1t23t1 ∈ A1 and, thus, Γ′(t1t2t1) = Γ′(t1t23t1) = (a, b, θ)
where Γ′ is an L-representation of MA1 . Therefore, [b, a] ⊑ Γ′(t2) and
there exists an integer 1 ≤ x ≤ nA1 such that [b, x, a] ⊑ Γ′(t3). Also, since
r1r3r2r3r1 ∈ A1 ×A2, it follows that t1t3t2t3t1 ∈ A1 and, thus, (x) ⊆ Γ′(t2).
By Lemma 5.3, we conclude that F7 ≺ T or F12 ≺ T . 
Lemma 5.4 yields the following theorem.
Theorem 5.5. The class of NDF12 semigroups is a pseudovariety.
We denote the pseudovariety of NDF12 semigroups by NDF12.
Proposition 5.6. The sequence
{(λn!(x, y,w1,w2,w1,w2, . . .), ρn!(x, y,w1,w2,w1,w2, . . .)) ∣ n ∈ N}
converges in Ω{x,y,w1,w2}S ×Ω{x,y,w1,w2}S.
Proof. The proof is similar to the proof of Proposition 4.2. 
We denote the limit of the sequence (λn!, ρn!)n by (λx,y,w1,w2 , ρx,y,w1,w2)
in the preceding proposition.
Lemma 5.7. Let S ∈ BGnil be a finite semigroup. The semigroup S is not
NDF12 if and only if, there exist elements a,w1,w2 ∈ S such that
λaw2,w2a,w1,w2 ≠ ρaw2,w2a,w1,w2
and
(ρaw2,w2a,w1,w2w1λaw2,w2a,w1,w2)ω+1 = ρaw2,w2a,w1,w2w1λaw2,w2a,w1,w2 .
Proof. Suppose that there exist elements a,w1,w2 ∈ S such that
λaw2,w2a,w1,w2 ≠ ρaw2,w2a,w1,w2
and
(ρaw2,w2a,w1,w2w1λaw2,w2a,w1,w2)ω+1 = ρaw2,w2a,w1,w2w1λaw2,w2a,w1,w2 .
Then
λk2+1(aw2,w2a,w1,w2,w1,w2, . . .) ≠ ρk2+1(aw2,w2a,w1,w2,w1,w2, . . .)
where k = ∣S∣. Since S is finite, there exist positive integers t and r such
that t < r ≤ k2 + 1 with
(λt(aw2,w2a,w1,w2,w1,w2, . . .), ρt(aw2,w2a,w1,w2,w1,w2, . . .))
= (λr(aw2,w2a,w1,w2,w1,w2, . . .), ρr(aw2,w2a,w1,w2,w1,w2, . . .)).
Put s1 = λt, s2 = ρt and h = r − t. To simplify the notation, we let λ¯j = λt+j
and ρ¯j = ρt+j for j ≥ 0. In this notation, we may write s1 = λ¯0 = λ¯h =
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λh(s1, s2, vt+1, . . . , vt+h) and s2 = ρ¯0 = ρ¯h = ρh(s1, s2, vt+1, . . . , vt+h) where
v2l+1 = w1 and v2l = w2 for all 1 ≤ l. Note further that s1 ≠ s2.
Let
S = S1 ⫌ S2 ⫌ ⋯ ⫌ Ss ⫌ Ss+1 = ∅
be a principal series of S. Suppose that s1 ∈ Si ∖ Si+1 for some 1 ≤ i ≤ s.
Because Si and Si+1 are ideals of S, the above equalities yield s2 ∈ Si ∖
Si+1 and vt+1, . . . , vt+h ∈ S ∖ Si+1. Furthermore, Si/Si+1 is a completely 0-
simple semigroup, say M0(G,n,m;P ), or a completely simple semigroup,
say M(G,n,m;P ).
If n =m = 1, then Si∖Si+1 is a group. We denote by e its identity element.
Since s1, s2 ∈ Si ∖ Si+1, the equalities s1 = λh(s1, s2, vt+1, . . . , vt+h) and s2 =
ρh(s1, s2, vt+1, . . . , vt+h) yield λ¯j, ρ¯j ∈ Si ∖ Si+1, for every 1 ≤ j ≤ h. Now, as
e is the identity element of Si ∖ Si+1, we have λ¯jvt+j+1ρ¯j = λ¯jevt+j+1ρ¯j and
ρ¯jvt+j+1λ¯j = ρ¯jevt+j+1λ¯j , for every 0 ≤ j < h. If Si+1 ≠ ∅ and evt+j ∈ Si+1
holds for some 1 ≤ j ≤ h, then s1, s2 ∈ Si+1, a contradiction. So, we must have
evt+j ∈ Si ∖Si+1, for all 1 ≤ j ≤ h. Consequently, the following conditions are
satisfied:
s1 = λh(s1, s2, vt+1, . . . , vt+h) = λh(s1, s2, evt+1, . . . , evt+h)
≠ s2 = ρh(s1, s2, vt+1, . . . , vt+h) = ρh(s1, s2, evt+1, . . . , evt+h).
By Lemma 2.1, it follows that Si ∖ Si+1 is a non-nilpotent group. Hence,
S /∈ BGnil, a contradiction.
Now, assume that n +m > 2. By [13, Lemma 2.1], in this case, we have
Si/Si+1 = M0(G,n,n; In) with G a nilpotent group and n > 1. Also, since
s1, s2 ∈ Si ∖ Si+1, there exist 1 ≤ n1, n2, n3, n4 ≤ n and g, g′ ∈ G such that
s1 = (g;n1, n2) and s2 = (g′;n3, n4). Hence,
[n2, n3;n4, n1] ⊑ Γ(vt+1), [n2, n1;n4, n3] ⊑ Γ(vt+2).
Suppose that (n1, n2) = (n3, n4). Then, there exist elements kj ∈ G such
that (k;α,n2)vt+j = (kkj ;α,n1), for every k ∈ G,α ∈ {n1, n2} and 1 ≤ j ≤ h.
Since λ¯j−1 = (gj−1;n1, n2) and ρ¯j−1 = (g′j−1;n1, n2) for some gj−1, g′j−1 ∈ G,
we get
λ¯j = (gj−1kjg′j−1;n1, n2), ρ¯j = (g′j−1kjgj−1;n1, n2)
and, thus,
g = λh(g, g′, k1, . . . , kh), g′ = ρh(g, g′, k1, . . . , kh).
Because of Lemma 2.1, this yields a contradiction with G being nilpotent.
We have shown that (n1, n2) ≠ (n3, n4).
If t is an even integer, then
Γ(λaw2,w2a,w1,w2) = (n1, n2, θ), Γ(ρaw2,w2a,w1,w2) = (n3, n4, θ),
[n2, n3;n4, n1] ⊑ Γ(w1) and [n2, n1;n4, n3] ⊑ Γ(w2).
Otherwise, we have
Γ(λaw2,w2a,w1,w2) = (n1, n4, θ), Γ(ρaw2,w2a,w1,w2) = (n3, n2, θ),
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[n2, n1;n4, n3] ⊑ Γ(w1) and [n2, n3;n4, n1] ⊑ Γ(w2).
By symmetry, we may assume that t is even. Now, as
(ρaw2,w2a,w1,w2w1λaw2,w2a,w1,w2)ω+1 = ρaw2,w2a,w1,w2w1λaw2,w2a,w1,w2 ,
we obtain n2 = n3. Therefore, the following relations hold:
(n2)[n4, n1] ⊑ Γ(w1) and [n4, n2, n1] ⊑ Γ(w2).
Now, by Lemmas 5.2 and 5.3, we have F7 ≺ S or F12 ≺ S. This shows that
S /∈ NDF12.
Conversely, suppose that S is notNDF12. It follows that S /∈ Exc(F7, F12).
Then, there exist a subsemigroup U of S and an onto homomorphism φ ∶
U → T such that T is isomorphic with F7 or F12. Let
U = U1 ⫌ U2 ⫌ ⋯ ⫌ Us′ ⫌ Us′+1 = ∅
be a principal series of U . Suppose that T is isomorphic with F7. Since U
is finite, there exist elements a and r1 in the semigroup U and an integer
1 ≤ i′ ≤ s′ that satisfy the following properties:
(1) φ(a) = (1; 1,1) and φ(r1) = u;
(2) a ∈ Ui′ ∖Ui′+1;
(3) φ−1((1; 1,1)) ∩Ui′+1 = ∅.
Since (λar1,r1a,r21 ,r1 , ρar1,r1a,r21,r1) = (λγ , ργ) for some even integer γ, we ob-
tain (φ(λar1,r1a,r21 ,r1), φ(ρar1 ,r1a,r21,r1)) = ((1; 1,2), (1; 2, 1)).
It follows that λar1,r1a,r21,r1
≠ ρar1,r1a,r21,r1 . Now, as
φ(ρar1,r1a,r21,r1r21λar1,r1a,r21 ,r1) = (1; 2,2),
similarly as in the proof of Lemma 5.4, we have
(ρar1,r1a,r21,r1r21λar1,r1a,r21,r1)ω+1 = ρar1,r1a,r21,r1r21λar1,r1a,r21 ,r1 .
Now, suppose that U is isomorphic with F12. Since U is finite, there exist
elements a, r1, r2 in the semigroup U and an integer 1 ≤ i′ ≤ s′ that satisfy
the following properties:
(1) φ(a) = (1; 2,3), φ(r1) = w1 and φ(r2) = w2;
(2) a ∈ Ui′ ∖Ui′+1;
(3) φ−1((1; 2,3)) ∩Ui′+1 = ∅.
Since, φ(λar2,r2a,r1,r2) = (1; 2,1) and φ(ρar2,r2a,r1,r2) = (1; 1,3), we obtain
λar2,r2a,r1,r2 ≠ ρar2,r2a,r1,r2 . Now, as φ(ρar2,r2a,r1,r2w1λar2,r2a,r1,r2) = (1; 1,1),
again similarly as in the proof of Lemma 5.4, we have
(ρar1,r1a,r21,r1r21λar1,r1a,r21,r1)ω+1 = ρar1,r1a,r21,r1r21λar1,r1a,r21 ,r1 .
The result follows. 
By Theorem 5.7, we have NT ⊆ NDF12. In Section 8, we show that the
pseudovariety NT is strictly contained in NDF12.
Lemma 5.7 yields the following theorem.
16 J. ALMEIDA AND M. H. SHAHZAMANIAN
Theorem 5.8. Let S be a finite semigroup. The semigroup S is in NDF12
if and only if S ∈ BGnil and satisfies the implication
(ρaw2,w2a,w1,w2w1λaw2,w2a,w1,w2)ω+1 = ρaw2,w2a,w1,w2w1λaw2,w2a,w1,w2
⇒ λaw2,w2a,w1,w2 = ρaw2,w2a,w1,w2 .
Even though we have shown that NDF12 is a pseudovariety, and therefore
admits a basis of pseudoidentities by Reiterman’s theorem, we leave as an
open problem to determine a simple such basis. In particular, we do not
know whether NDF12 admits a finite basis of pseudoidentities.
From [16, Corollary 4.2], it follows that every minimal non-nilpotent semi-
group S in the pseudovariety Gnil is an epimorphic image of one of the
following semigroups:
(1) a semigroup of right or left zero semigroups with 2 elements;
(2) M0(G,2,2; I2) ∪Γ T such that T = ⟨u⟩ ∪ {θ} with θ the zero of S,
u2
k = 1 the identity of T ∖{θ} (and of S) and Γ(u) = (1,2) (for k = 1,
one obtains F7);
(3) M0(G,3,3; I3) ∪Γ ⟨w1,w2⟩, with Γ(w1) = (2,1,3, θ) and Γ(w2) =(2,3, θ)(1), w2w21 = w21w2 = w31 = w2w1w2 = θ;
(4) M0(G,n,n; In) ∪Γ ⟨v1, v2⟩, with
[k,m;k′,m′] ⊑ Γ(v1) and [k,m′;k′,m] ⊑ Γ(v2)
for pairwise distinct integers k, k′,m and m′ between 1 and n, there
do not exist distinct integers l1 and l2 between 1 and n such that(l1, l2) ⊆ Γ(x) for some x ∈ ⟨v1, v2⟩, and there do not exist pairwise
distinct integers o1, o2 and o3 between 1 and n such that
(o2, o1, o3, θ) ⊆ Γ(y1), (o2, o3, θ)(o1) ⊆ Γ(y2)
for some y1, y2 ∈ ⟨v1, v2⟩.
The pseudovariety BGnil does not contain any semigroup in (1). The
pseudovariety PE does not contain any semigroup in (1) and (2). The pseu-
dovariety NDF12 does not contain any semigroup in (1), (2) and (3). Clearly
the pseudovariety MN does not contain any semigroup in all of them.
Note that there exists a finite semigroup S such that for all s1, s2 ∈
S, ⟨s1, s2⟩ ∈ NDF12 but S /∈ NDF12. This holds, for example, for the semi-
group F12.
6. The pseudovariety NT
Unlike the pseudovarieties MN and PE, the pseudovariety NT turns out
to have infinite rank.
Theorem 6.1. The pseudovariety NT has infinite rank and, therefore, it is
non-finitely based.
Proof. We prove that for every positive integer m ≥ 5, there exists a finite
semigroup S that is not in NT but such that ⟨x1, . . . , xm−1⟩ ∈ NT for all
x1, . . . , xm−1 ∈ S.
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Let n =m−4 and N2n be a subsemigroup of the full transformation semi-
group on the set Hn∪{θ} which is the union of the completely 0-simple semi-
group M =M0({1},Hn,Hn; I6×2n) and the semigroup ⟨x, y,w1, . . . ,wn+2⟩,
N2n =M ∪ ⟨x, y,w1, . . . ,wn+2⟩(6)
where
Hn = {a1, . . . , a2n , a′1, . . . , a′2n , b1, . . . , b2n , b′1, . . . , b′2n , c1, . . . , c2n , d1, . . . , d2n},
x = (c1, a1, θ)⋯(c2n , a2n , θ)(b′1, d1, θ)⋯(b′2n , d2n , θ),
y = (a′1, c1, θ)⋯(a′2n , c2n , θ)(d1, b1, θ)⋯(d2n , b2n , θ),
w1 = (b2n−1+1, a′1, θ)⋯(b2n , a′2n−1 , θ)(a2n−1+1, b′1, θ)⋯(a2n , b′2n−1 , θ),
w2 = (b2n−2+1, b′2n−1+1, θ)⋯(b2n−1 , b′2n−1+2n−2 , θ)
(a2n−2+1, a′2n−1+1, θ)⋯(a2n−1 , a′2n−1+2n−2 , θ),
wi = (b2n−i+1, a′2n−1+⋯+2n−(i−1)+1, θ)⋯(b2n−(i−1) , a′2n−1+⋯+2n−i , θ)(a2n−i+1, b′2n−1+⋯+2n−(i−1)+1, θ)⋯(a2n−(i−1) , b′2n−1+⋯+2n−i , θ)
for odd i ∈ {2, . . . , n},
wi = (b2n−i+1, b′2n−1+⋯+2n−(i−1)+1, θ)⋯(b2n−(i−1) , b′2n−1+⋯+2n−i , θ)(a2n−i+1, a′2n−1+⋯+2n−(i−1)+1, θ)⋯(a2n−(i−1) , a′2n−1+⋯+2n−i , θ)
for even i ∈ {2, . . . , n},
and, if n is an odd number, then
wn+1 = (a1, a′2n , θ)(b1, b′2n , θ),
wn+2 = (a1, b′2n , θ)(b1, a′2n , θ),
otherwise
wn+1 = (a1, b′2n , θ)(b1, a′2n , θ),
wn+2 = (b1, b′2n , θ)(a1, a′2n , θ).
Let X = (c, a, θ)(b′, d, θ), Y = (a′, c, θ)(d, b, θ),W1 = (b, a′, θ)(a, b′, θ), and
W2 = (a, a′, θ)(b, b′, θ). Now, let V and S′ be a subsemigroup of the full
transformation semigroup on the set {a, a′, b, b′, c, d} ∪ {θ} such that
V = ⟨X,Y,W1,W2⟩.
and
S′ =M0({1},{a, a′, b, b′, c, d},{a, a′ , b, b′, c, d}; I6) ∪ V.
Also, let A = (Q,Σ, δ) be a finite automaton where Q = Hn ∪ {θ} is the set
of states,
Σ = {x, y,w1, . . . ,wn+2, (e1, e2, θ), (e2, e3, θ), . . . , (e2n−1, e2n , θ),
(a2n , a′1, θ), (a′2n , b1, θ), (b2n , b′1, θ), (b′2n , c1, θ), (c2n , d1, θ),
(d2n , a1, θ) ∣ e ∈ {a, a′, b, b′, c, d}}
is the set of symbols and δ(j, g) = Γ(g)(j), for all j ∈ Q and g ∈ Σ. In
fact, the transition semigroup of the automaton A is isomorphic with the
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semigroup N2n . Now, let A
′ be the quotient of the automaton A given by
the morphism φ ∶ A → A′ where φ(ei) = e, for every e ∈ {a, a′, b, b′, c, d} and
1 ≤ i ≤ 2n. The transition monoid of the automaton A′ is isomorphic with
the semigroup S′.
If the inequalities
λn+3(α,β,1, γ1 , γ2, . . . , γn+2), ρn+3(α,β,1, γ1 , γ2, . . . , γn+2) ≠ θ
hold for some α,β ∈ S′, γ1, γ2, . . . , γn+2 ∈ S′1, then one of the following con-
ditions is satisfied:
● α,β ∈ {X,Y }, γ1 = γ3 = ⋯ =W1 and γ2 = γ4 = ⋯ =W2;● α = β = (e) and γi ∈ {(e),1} for all 1 ≤ i and some element e ∈{a, a′, b, b′, c, d} that the verification was done automatically.
Now, suppose that
(λn+3 =)λn+3(r1, r2,1, v1, v2, . . . , vn+2)
≠ (ρn+3 =)ρn+3(r1, r2,1, v1, v2, . . . , vn+2)
and
λn+3(r1, r2,1, v1, v2, . . . , vn+2), ρn+3(r1, r2,1, v1, v2, . . . , vn+2) ≠ θ,
for some elements r1, r2 ∈ N2n and v1, v2, . . . , vn+2 ∈ N12n . Then, there exist el-
ements e, f, e′, f ′ ∈ {a, a′, b, b′, c, d} and integers 1 ≤ i1, i2, j1, j2 ≤ 2n such that
Γ(λn+3)(ei1) = fj1 and Γ(ρn+3)(e′i2) = f ′j2 . Hence, e.λn+3 = f and e′.ρn+3 = f ′
in the automaton A′. By the previous observation, r1, r2 ∈ {x, y}, v1, v3, . . . ∈{w1,w3, . . .} and v2, v4, . . . ∈ {w2,w4, . . .} or there exists an element e ∈{a, a′, b, b′, c, d} such that if [s, t] ⊑ f for some f ∈ {r1, r2, v1, . . . , vn+2}, then
there exist integers 1 ≤ l1, l2 ≤ 2n such that s = el1 and t = el2 .
Suppose the former case which r1, r2 ∈ {x, y}, v1, v3, . . . ∈ {w1,w3, . . .} and
v2, v4, . . . ∈ {w2,w4, . . .} and k is the least integer such that vk ≠ wk. By
induction, it is easy to prove that
{λ1, ρ1} = {(a′1, a1, θ)⋯(a′2n , a2n , θ), (b′1, b1, θ)⋯(b′2n , b2n , θ)},
{λi, ρi} = {(b′2n−1+⋯+2n−(i−1)+1, a1, θ)⋯(b′2n , a2n−(i−1) , θ),(a′
2n−1+⋯+2n−(i−1)+1
, b1, θ)⋯(a′2n , b2n−(i−1) , θ)},
for even 2 ≤ i ≤ k − 1,
{λi, ρi} = {(a′2n−1+⋯+2n−(i−1)+1, a1, θ)⋯(a′2n , a2n−(i−1) , θ),(b′
2n−1+⋯+2n−(i−1)+1
, b1, θ)⋯(b′2n , b2n−(i−1) , θ)},
for odd 2 ≤ i ≤ k − 1.
Since vk ∈ {w1,w2, . . .}, there exists an integer k′ such that vk = wk′ .
Suppose that k′ < k. Then, 2n−(k−1) < 2n−k′ + 1 and, thus, λk+1 = θ, which
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contradicts the assumption. Now suppose that k′ > k. Then, we have
{λk+1, ρk+1} = {(e2n−1+⋯+2n−(k−1)+2n−k′+1, f2n−k+⋯+2n−(k′−1)+1, θ)⋯(e
2n−1+⋯+2n−(k−1)+2n−(k
′−1) , f2n−k+⋯+2n−k′ , θ),(g
2n−1+⋯+2n−(k−1)+2n−k′+1, h2n−k+⋯+2n−(k′−1)+1, θ)⋯(g
2n−1+⋯+2n−(k−1)+2n−(k
′−1) , h2n−k+⋯+2n−k′ , θ)},
for some elements e, f, g, h ∈ {a, a′, b, b′}. Now, as
2n−k + 1 < 2n−k +⋯+ 2n−(k′−1) + 1 and 2n−k +⋯ + 2n−k′ < 2n−(k−1),
we have vk+1 = wk. Hence, we have
λk+1wk =(e2n−1+⋯+2n−(k−1)+2n−k′+1, q2n−1+⋯+2n−(k−1)+2n−(k+1)+⋯+2n−(k′−1)+1, θ)⋯(e
2n−1+⋯+2n−(k−1)+2n−(k′−1) , q2n−1+⋯+2n−(k−1)+2n−(k+1)+⋯+2n−k′ , θ)
for some element q ∈ {a, a′, b, b′}. Since k′ ≠ k + 1, we have
2n−1+⋯+2n−(k−1)+2n−(k′−1) < 2n−1+⋯+2n−(k−1)+2n−(k+1)+⋯+2n−(k′−1)+1,
and, thus, λk+2 = θ which is a contradiction. Hence, we must have v1 =
w1, . . . , vn+2 = wn+2. Now, as X,Y,W1,W2 /∈ S′S′,2 we obtain x, y,wi /∈
N2nN2n , for every integer 1 ≤ i ≤ n + 2. Hence, the semigroup ⟨x1, . . . , xn+3⟩
is in NT for all elements x1, . . . , xm−1 ∈ N2n . Now, as
(λn+4 =)λn+4(x, y,1,w1,w2, . . . ,wn+1,wn+2,wn+1)
≠ (ρn+4 =)ρn+4(x, y,1,w1,w2, . . . ,wn+1,wn+2,wn+1)
and
(λn+2(x, y,1,w1 ,w2, . . . ,wn+1), ρn+2(x, y,1,w1 ,w2, . . . ,wn+1)) = (λn+4, ρn+4),
the semigroup ⟨x, y,w1,w2, . . . ,wn+1,wn+2⟩ is not in NT.
Now, suppose the latter case. It follows that there exists an element
e ∈ {a, a′, b, b′, c, d}
such that, if [s, t] ⊑ f for some f ∈ {r1, r2, v1, . . . , vn+2}, then there exist inte-
gers 1 ≤ l1, l2 ≤ 2n such that s = el1 and t = el2 . Let f ∈ {r1, r2, v1, . . . , vn+2}.
Since the automaten graph of V is as follows:
b
b b
b
bbX
XY
Y
W1 W1
W2 W2
a
a′
b
b′
c d
we have f = ξ1ζ1ξ2⋯ζnf ξnf+1 with the following conditions:
(1) 1 ≤ nf ;
2In order to check this, we calculate the cayley table of S′ by the software GAP.
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(2) ξ1, ξnf+1 ∈ ⟨x, y⟩1;
(3) ξ2, ξnf ∈ ⟨x, y⟩;
(4) ζ1, ζnf ∈ {w1, . . . ,wn+2},
or f ∈M1.
There exists a set {µ1, µ2, µ3, . . . , µ2n} = {1,2,3, . . . ,2n} such that
wi =(gµ
2i−1
, hµ
2i−1+1
, θ)(gµ
2i−1+2i
, hµ
2i−1+2i+1
, θ)(gµ
2i−1+2×2i
, hµ
2i−1+2×2i+1
, θ)⋯
(gµ
2i−1+(2n−i−1)×2i
, hµ
2i−1+(2n−i−1)×2i+1
, θ)
(g′µ
2i−1
, h′µ
2i−1+1
, θ)(g′µ
2i−1+2i
, h′µ
2i−1+2i+1
, θ)(g′µ
2i−1+2×2i
, h′µ
2i−1+2×2i+1
, θ)⋯
(g′µ
2i−1+(2n−i−1)×2i
, h′µ
2i−1+(2n−i−1)×2i+1
, θ),
wn+1 =(gµ2n , hµ1 , θ)(g′µ2n , h′µ1 , θ),
wn+2 =(g′′µ2n , h′′µ1 , θ)(g′′′µ2n , h′′′µ1 , θ),
for every integer 1 ≤ i ≤ n and some elements
g,h, g′, h′, g′′, h′′, g′′′, h′′′ ∈ {a, a′, b, b′, c, d}.
For example, for n = 3, we have the following graph:
b b
b b
b
b
b
b
µ4
µ3
µ2
µ1µ8
µ7
µ6
µ5
w1
w1 w1
w1
w2 w2
w4,w5
w3
First, suppose that r1, r2 /∈M1. Hence, we have 2n ≤ nλn , nρn , and by the
above, we have
λn = A1wnB1, ρn = A2wnB2 or
λn = A1wn+1B1, ρn = A2wn+1B2 or
λn = A1wn+2B1, ρn = A2wn+2B2,
for some elements A1,B1,A2,B2. Hence, there exist 1 ≤ l1, l2, l3, l4 ≤ 2n
such that λn = (eµl1 , eµl2 , θ) and ρn = (eµl3 , eµl4 , θ). If vn = CwnD or vn =
Cwn+1D or vn = Cwn+2D, then λn+1 = ρn+1. Also, if vn ∈ M1, then λn+1 =
ρn+1. It follows that vn /∈ M1 and nvn ≤ 2n−1 − 1. Let E = {µ1, . . . , µ2n−1}
and F = {µ2n−1+1, . . . , µ2n}. Hence, we have µl2 , µl3 ∈ G1 and µl4 , µl1 ∈ G2
with G1,G2 ∈ {E,F}. Now, as λn+1 = (eµl1 , eµl4 , θ) and ρn+1 = (eµl3 , eµl2 , θ),
with the same argument as above, we have µl4 , µl3 ∈ H1 and µl2 , µl1 ∈ H2
with H1,H2 ∈ {E,F}. This shows that G1 = G2. Now, as G1 = G2, we have
µl2 , µl4 < µl3 , µl1 . Since µl1 − µl4 = µl3 − µl2 and λn ≠ ρn, we have µl3 ≠ µl1 .
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By symmetry, we may assume that µl3 < µl1 . Hence, there are factorizations
vn = AB = BC such that [eµl2 , eµl4 ] ⊑ A, [eµl4 , eµl3 ] ⊑ B and [eµl3 , eµl1 ] ⊑ C.
There exists an integer 1 ≤ n′ such that 2n′ ≤ µl1 − µl2 < 2n′+1. Then, there
exist elements A′1,B
′
1 and wn′′ such that ABC = A′1wn′′B′1 with n′ + 1 ≤ n′′
and wn′′ is not a factor of the elements A
′
1
,B′
1
. Since AB = BC, wn′′ is a
factor of B. Therefore, A = C = 1, a contradiction with µl3 ≠ µl1 . Similarly,
if r1, r2 ∈M1, then λn = ρn or we have a similar contradiction as above.
The result follows. 
7. The pseudovarieties TM and EUNNG
It is known that a finite group G is in TM if and only if G is an extension
of a nilpotent group by a 2-group (see [6, 24]) and a finite semigroup S is
in TM if and only if the principal factors of S are either null semigroups or
inverse semigroups over groups that are extensions of nilpotent groups by
2-groups [14, Corollary 10].
For the pseudovarieties TM and EUNNG, we have the following result.
Theorem 7.1. The following statements hold:
(1) TM = Jφω(x) = φω(y)K where φ is the continuous endomorphism of
the free profinite semigroup on {x, y} such that φ(x) = xy,φ(y) = yx.
(2) EUNNG = Jφω(x) = φω(y)K where φ is the continuous endomor-
phism of the free profinite semigroup on {x, y, z, t} such that φ(x) =
xzytyzx,φ(y) = yzxtxzy,φ(z) = z,φ(t) = t and {x, y, z, t} ⊆ {a, b}+.
Theorem 7.1(1) and Theorem 7.1(2) follow easily from the definition of the
pseudovarieties TM and EUNNG, respectively. Theorem 7.1(1) has already
been observed by the first author [2, Corollary 6.4].
Corollary 7.2. The ranks of the pseudovarieties MN, PE, NDF12, TM and
EUNNG are respectively 4, 2, 3, 2, and 2.
Proof. By Theorems 4.3 and 7.1, the ranks of the pseudovarieties PE, TM
and EUNNG are all smaller than or equal to 2. Since the semigroup F7 is not
in the pseudovarieties PE and EUNNG and all subsemigroup of F7 generated
by an element of F7 are in pseudovarieties PE and EUNNG, the ranks of
the pseudovarieties PE and EUNNG are equal to 2. Similarly the right zero
semigroup shows that the rank of the pseudovariety TM is equal to 2.
By Theorem 3.1 and Lemma 5.7, the ranks of the pseudovarieties MN
and NDF12 are bounded, respectively, by 4 and 3. The existence of the
semigroups N1 and F12 implies that the ranks of the pseudovarieties MN
and NDF12 are respectively, 4 and 3. 
Open Problem 7.3. Are the pseudovarieties NDF12 and EUNNG finitely
based?
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8. Comparison of the above pseudovarieties
By [15, Theorem 2.6], we have EUNNG ⊆ PE. In fact, EUNNG ≠ PE, since
there exists a finite semigroup S such that S ∈ PE ∖ EUNNG. We give next
an example of such a semigroup.
Let N2 be the semigroup given by
⟨(8,2,6,1,5, θ)(3, 7, θ)(9, 4, θ), (1, 8, θ)(7, 2, θ)(5, 4, 10, 3, 9, θ)⟩(7)
where (8,2,6,1,5, θ)(3, 7, θ)(9, 4, θ) and (1,8, θ)(7,2, θ)(5,4,10, 3, 9, θ) are
transformations. The semigroup N2 is the disjoint union M ∪ N , where
M =M0({1},10,10; I10) is a completely 0-simple subsemigroup ideal of N2
and
N = {(1)(7,5, θ), (1,2, θ)(3, 4, θ)(10, 7, 6, θ), (1, 2, θ)(9,10, θ), (1, 3, θ)(9),
(1,4, θ)(3,2, θ)(6,8, θ)(9,10, θ), (1, 7, θ)(9, 4, θ),
(1,8, θ)(7,2, θ)(5,4, 10, 3, 9, θ), (1, 8, θ)(7,4, θ), (1,10, θ)(9, 3, θ),
(2,1, θ)(8,6,5, θ), (2, 4, θ)(8), (2, 5, θ)(8, 1, θ), (2, 8, θ)(6, 4, θ),
(3,1, θ)(6), (3,4, θ)(6, 8, θ), (3, 5, θ)(6,1, θ), (3,6, 2, θ),
(3,10, θ)(10,2, θ), (4, 2, θ)(10), (4,3, θ)(5, 10,9, θ), (4)(5, 7, θ),
(4,9, θ)(5,3, θ), (4, 10, θ)(5,2, θ), (7, 1, 6, θ),
(8,2,6,1,5, θ)(3, 7, θ)(9, 4, θ), (10, 4, 7, θ)}.
Every principal factor of N2 except M is null.
3
Suppose that a, b ∈ N2 and c ∈ N12 . Since every principal factor of N2 is
either a null semigroup or an inverse semigroup over a trivial group, by [14,
Theorem 9], the semigroup N2 is in TM. Thus, if c = 1 then there exists an
integer n such that λn+2(a, b,1,1, c, . . . , cn) = ρn+2(a, b,1,1, c, . . . , cn). Now,
suppose that c ≠ 1. Note that, in N2, no element has a nontrivial cycle. Also,
N2 does not have any element α such that (a1)(a2) ⊆ α, for some distinct
integers a1, a2 ∈ {1, . . . ,10}. Hence, there exists an integer nc such that
cnc ∈ {θ, (1), . . . , (10)}. Suppose that cnc = (v) and [v′, v, v′′] ⊑ c for some
integers v, v′, v′′ ∈ {1, . . . ,10}. Again, as in N2 no element has a nontrivial
cycle, v = v′ = v′′. Then, we have (v) ⊆ c and, thus, the equality cn = (v)
holds for every integer n ≥ nc. Let n ≥ nc. If λn+2(a, b,1,1, c, . . . , cn) and
ρn+2(a, b,1,1, c, . . . , cn) are nonzero, then there exist integers i1, i2, j1, j2 ∈{1, . . . ,10} such that [i1, v, i2] ⊑ λn+1 and [j1, v, j2] ⊑ ρn+1. Now, if
λn+3(a, b,1,1, c, . . . , cn+1) and ρn+3(a, b,1,1, c, . . . , cn+1)
are nonzero, then we have i1 = i2 = j1 = j2 = v. It follows that λn+3 = ρn+3 =(v), whence N2 is in PE.
3In order to determine the properties of this example, we used the software GAP [11].
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Now, let x = (4,1, θ), y = (2,3, θ),w1 = (1,2, θ)(3,4, θ)(10,7, 6, θ),w2 =(1,4, θ)(3,2, θ)(6,8, θ)(9, 10, θ). Since
λk(x, y,w1,w2, . . .) ≠ ρk(x, y,w1,w2, . . .)
for every 1 ≤ k, N2 is not nilpotent. Now, as the semigroup N2 is two-
generated, we have N2 ∈ PE ∖ EUNNG. In fact the semigroup N2 is in NT
that the verification was done automatically.
The following diagrams represent the strict inclusion relationships be-
tween these pseudovarieties.
BG
TM
BGnil
PE
EUNNG
NT
NDF12
MN
PE
We have F12 ∈ EUNNG ∖NDF12 and N2 ∈ NT ∖ EUNNG.
Also, the class (EUNNG ∩ NDF12) ∖ NT is not empty. An example of a
semigroup in this class is the subsemigroup N3 of the full transformation
semigroup on the set {1,2,3,4} ∪ {θ} given by the union of the completely
0-simple semigroupM0({1},3,3; I3) and the semigroup ⟨w,v, q⟩,
N3 =M0({1},4,4; I4) ∪ {w,v, q},(8)
where w = (2,3, θ)(1,4, θ), v = (1,3, θ)(2,4, θ) and q = (2,1, θ)(4,3, θ). It
is proved in [15] that N3 ∈ EUNNG ∖ NT. Also, N3 is NDF12 that the
verification was done automatically.
Higgins and Margolis [12] showed that N1 ∈ ⟨Inv⟩∩A∖ ⟨Inv∩A⟩. We claim
that the class MN ∩ A ∖ Jxωyω = yωxωK is not empty (and, thus, MN ∩ A ∖⟨Inv ∩ A⟩ /≠ ∅). Let
N4 = {a1, . . . , a12, θ}(9)
be a semigroup where θ is a zero, N = {a5, . . . , a12} ∪ {θ} is a null ideal
of N4 and N4/N = {a1, . . . , a4} ∪ {θ} ≅M0({1},2,2; I2) is a completely 0-
simple semigroup such that the following relations are satisfied (we write
the elements of N4 ∖N as (a, b) for a, b ∈ {1,2}):
(1,1)(2,1) = a5, (1,1)(2,2) = a6, (1,2)(1,1) = a7, (1,2)(1,2) = a8,
(2,1)(2,1) = a9, (2,1)(2,2) = a10, (2,2)(1,1) = a11, (2,2)(1,2) = a12
and (α,β)(α′, β′)(α′′, β′′) = θ if and only if β ≠ α′ and β′ ≠ α′′ for all integers
α,α′, α′′, β, β′, β′′ ∈ {1,2}. The verification of the associativity law for this
example was done automatically.
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Since (1,1) and (2,2) are idempotents and (1,1)(2,2) ≠ (2,2)(1,1), we
obtain N4 /∈ Jxωyω = yωxωK. Also, it is easy to verify that N4 is nilpotent.
Therefore, N4 ∈MN ∩ A ∖ Jxωyω = yωxωK.
Theorem 8.1. The following diagram represents all relations of equality
and strict containment between the pseudovarieties represented in it:
PE ∩ A = TM ∩ A = BG ∩A
EUNNG ∩A
NT ∩ A
NDF12 ∩ A
MN ∩A
⟨Inv ∩ A⟩
Proof. Suppose that T ∈ (Inv ∩ A) ∖ (MN ∩ A). Since T is finite, T has a
principal series
T = T1 ⫌ T2 ⫌ ⋯ ⫌ Tt ⫌ Tt+1 = ∅.
Each principal factor Ti/Ti+1(1 ≤ i ≤ t) of T is either aperiodic completely
0-simple or aperiodic completely simple.
Since T /∈ MN, by Lemma 2.1 there exist a positive integer h, distinct
elements t1, t2 ∈ T and elements w1,w2, . . . ,wh ∈ T 1 such that
t1 = λh(t1, t2,w1,w2, . . . ,wh) and t2 = ρh(t1, t2,w1,w2, . . . ,wh).
Suppose that t1 ∈ Ti ∖ Ti+1, for some 1 ≤ i ≤ t. Because Ti and Ti+1 are
ideals of T , the above equalities imply that t2 ∈ Ti∖Ti+1 and w1,w2, . . . ,wh ∈
T 1 ∖Ti+1. Furthermore, one obtains that Ti/Ti+1 is an aperiodic completely
0-simple semigroup, sayM0({1}, n,m;P ), or an aperiodic completely simple
semigroup, sayM({1}, n,m;P ).
If n = m = 1, then Ti ∖ Ti+1 is a trivial group, a contradiction with the
assumption that t1 and t2 are distinct.
Since Ti/Ti+1 is an aperiodic completely simple inverse semigroup, it is
easy to show that it is of the form Ti/Ti+1 =M0({1}, n,n; In) for some n.
Since t1, t2 ∈M , there exist 1 ≤ n1, n2, n3, n4 ≤ n such that t1 = (1;n1, n2),
t2 = (1;n3, n4). Note that,
[n2, n3;n4, n1] ⊑ Γ(w1), [n2, n1;n4, n3] ⊑ Γ(w2)
where Γ is an L-representation of T /Ti+1. Since t1 ≠ t2 and Γ(w1) restricted
to {1, . . . , n}∖Γ(w1)−1(θ) is injective, we obtain n1 ≠ n3. It follows that the
cycle (n1, n3) is contained in Γ(w−12 w1). This contradicts the assumption
that T is aperiodic. Hence, Inv ∩ A is contained in MN. The semigroup N4
is in the subset MN∩A∖ ⟨Inv ∩A⟩. Therefore, ⟨Inv ∩A⟩ is strictly contained
in MN ∩A.
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A finite aperiodic semigroup S is in TM (respectively PE) if and only if
the principal factors of S are either null semigroups or inverse semigroups
[14, Corollary 10 and 8]. Therefore, we have PE ∩A = TM ∩A = BG ∩A.
The semigroup N1 is aperiodic and in EUNNG, but it is not in the MN
[15]. Also, the semigroup N2 is aperiodic and in PE, but it is not in EUNNG.
Hence, MN∩A is strictly contained in EUNNG∩A and EUNNG∩A is strictly
contained in PE ∩A.
Also, the semigroup N1 is aperiodic and in NT that the verification was
done automatically, but it is not in MN, the semigroup N3 is aperiodic and
in NDF12 but it is not in NT, and the semigroup F12 is aperiodic and in PE
but is not in NDF12. Hence, MN ∩A is strictly contained in NT ∩A, NT ∩A
is strictly contained in NDF12 ∩ A, and NDF12 ∩ A is strictly contained in
PE ∩ A. 
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